JOURNAL OF COMPUTATIONAL PHYSICS 77, 513-523 (1988)

High Order Difference Methods for
Linear Variable Coefficient Parabolic Equation*

R. MANOHAR, S. R. K. IYENGAR," anD U. A. KRISHNAIAH?

Department of Mathematics, University of Saskatchewan, Saskatoon, Canada S7TN OW0

Received January 23, 1987; revised June 29, 1987

In this paper, we derive O(k>+ h*), two-level, three-point finite-difference methods for the
solution of the general linear variable coefficient parabolic equation in one dimension u, =
a(x)u,, +b(x)u, +c(x)u, 0< x <1, £>0 under suitable initial and boundary conditions. The
stability of the new schemes is examined using a linear stability analysis. In particular, we
derive unconditionally stable O(k?+ h*) methods for the solution of the convection-diffusion
type equation in cylindrical and spherical coordinates, viz. u, = u, + (%/x)u, +cu, 0<a <1
or a =1, 2. These methods are tested or two examples.  © 1988 Academic Press, Inc.

1. INTRODUCTION

The numerical solution of the general variable coefficient parabolic partial
differential equation is of great interest in physics and applied mathematics.
An O(k+ h?) symmetrical semi-implicit scheme for the general heat conduction
equation was formulated by Livne and Glasner [1]. A comparative study of some
explicit and implicit finite-difference schemes was done by Roberts and Selim [2] in
the one-dimensional case. High order operator compact implicit methods for
parabolic equations were discussed in [3,4]. Varah [5] had studied the stability
restrictions on second-order, three-level finite-difference schemes for parabolic
equations. Some monotone difference schemes for diffusion-convection problems
were discussed by Stoyan [6]. In [7-9] some classes of extrapolation finite-
difference methods for the numerical solution of a constant-coefficient, one-dimen-
sional homogeneous parabolic equation were derived. These methods are of O(h?)
in space direction while high order in time direction is obtained by extrapolation.
Cash [10] has shown that these methods can be interpreted as implicit
Runge-Kutta formulas and derived two additional methods to solve the quasi-
linear equation u, = au,, + f(u, u,), a constant. All these schemes are derived such
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that the corresponding methods are L, stable. These methods are useful in solving
parabolic equations having high frequency components occurring in the solution. It
is well known that 4, stable methods like Crank—Nicolson methods perform poorly
on such problems.

The numerical solution of the one-dimensional cylindrical heat conduction
equation

ul =urr +ur/r (la)

was dealt by Mitchell and Pearce [11] and Iyengar and Mittal [12]. Mitchell and
Pearce used the transformation r = 2x"? and the mesh x = i*h. They have derived
two explicit schemes and an implicit scheme. This implicit scheme has the same
stability restriction as one of the two explicit schemes. Iyengar and Mittal have
derived an O(k*+ h*), two-level, three-point implicit-difference scheme with the
stability limit on the mesh ratio parameter /1 <2i2. The truncation error of this
scheme contains lower order derivatives which may entail some loss of accuracy
because of the singularity at »r =0. So far no unconditionally stable, two-level, three-
point implicit scheme of O(k*+ h*) is known.

In this paper, we derive O(k* +h*), two-level, three-point difference methods for
the solution”of the one-dimensional parabolic equation

u, =a(x)u,, +b(x)u, +c(x)u, 0<x<1,a(x)=0, (1b)

under suitable initial and boundary conditions. The differential equation may have
a singularity at one or both end points. A typical example is the convection-
diffusion equation in the cylindrical and spherical coordinate systems

u,=u,, +(a/x)u, +cu, ¢ =constant <0. (lc)

For Eq. (1b) we have derived a method whose truncation error does not contain
lower order derivatives with respect to x explicitly. Criteria for unconditional
stability of the methods for (1b) are derived and applied to some test equations.
The stability of the difference method in the case of the convection-diffusion type
equation in cylindrical and spherical coordinates is discussed using the general
stability conditions. This method is unconditionally stable for ¢ <0 for all « con-
sidered here. It is observed that this method produces the best order as h -0, k - 0
in the neighborhood of the singularity x =0 compared to the methods whose trun-
cation error contains lower order derivatives. For a fixed 2 (mesh ratio parameter),
these methods behave like fourth-order methods. These methods are applied to two
examples to demonstrate the fourth-order behaviour for fixed 1. All these methods
produce a tridiagonal system for solution on each time level. Therefore, no
additional computational effort is required in the implementation of the present
method in comparison to the lower order methods.
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2. DIFFERENCE METHODS

Let us first consider a procedure to construct high order difference schemes for
the equation
a(x)u,, +b(x)u, + c(x)u= f(x). (2)

Consider the uniform mesh x; = x, + jh, j=0(1)N, where x,=0 and x, =1, and
write the Taylor series expansion of a, b, ¢, 4, and f about a nodal point x;, which is
taken as origin in the local coordinates, as

a(x)=Y a;x/,  b(x)=) Bx/,  c(x)=) y,x,
3)
ux)=Y A;x),  fx)=Y.dx’.
In order to obtain a difference scheme of fourth order we assume that 4, =0

for j =5 and, similarly, for the other coefficients in (3). Substituting (3) in (2) and
comparing the successive powers of x, we get

Z [E—j+2)i—j+ 1) A, 100,
=0

+(i——j+l)A,-fj+1/3,-+A,-,jyj], i=0,1,2,34 4)

We now write a linear combination of d; as
4

so doh® +s\(d I + d;s1°) + so(dyh* + dyh®) = Z (5)

But, we know that

(A h+ A RP), = 6,.u;/2 + O(h°) (6a)
(A2h* + A4h*); = 62u,/2 + O(R°), (6b)
where 0,,u; =u,, —u; | and 62u; =u,,, —2u; +u,_,. Similar expressions hold

for d;s. Hence we equate the coefﬁments of A, h, A;h* and A,h*, A,h* on the
right-hand side of (5). Solving these equations, we get
50 =P192 = P29y, Sy =PBohqs =200 py, 53 =2a9p, —Bohq,, (7

where

P1 =60, +2(3a, + B,) k2 —(B; +7,) ",

g, =h[2(50; + Bo) — (2u5 + 2B, +7,)h*]

P2 =h[3Q20, + Bo) +2(3a5 + B2)h* — (B, +73)h*]

g, =12aq + 2(50, + B )% — Qay +2B5 +y,)h*.

(8)



516 MANOHAR, IYENGAR, AND KRISHNAIAH

Using (6a) and (6b) and similar expressions for d; in (5), we write the method for
the solution of (2) as

h*[2s0 + 81 05, + 5,621 f; = [2Q0 + Q; 65, + @, 02]u,, 9)
where

o =h[7eS0 + (1 h+731°)s, + (17 + y4h%)s,]
Q, = [609 + (6, + 3B, +70)h 15, + [3Q2a; + Bo)h+ (605 + 3B, +7,)A*]s,  (10)
0, =43, + Bo)hs, + [ 120y + (120, + 48, + 7o) A*]s>.

The truncation error of the method (9) is

T.E. =3 a3h®(atg D3+ 3o Diw); + -+, (11)

where D? = 07/0x?. Note that the leading term of the truncation error does not con-
tain lower order derivatives of v and is independent of c(x) and its derivatives.
When a(x), b(x), and c(x) are smooth functions or polynomials, it may not be
necessary to include s, d;4° + s, d h® in (5). Even if these terms are excluded from
(5) the method corresponding to (9) is still of fourth order with s,, s,, 5,, etc. being
defined as

So=P192 — P2q1s S1=DPohgr —200ps, 53 =200p, —Pohyq,,

P =600 — (B1 +70)h% py =h[3(20; + Bo) — (B +y1)H*], ¢ = —2(xy + Bo)h, (12)
g, = 12005 — (20, + 2B, +70)h° Qo =h*[SoVo + 5171 h+527,k7],

Q, =6a,s, + 320, + )2k, Q5 =12a4s,.

The leading term of the truncation error now contains lower order derivatives and
is given as

T.E. = agh®[ {5t D* + 10(B, — 2a,) D3} f
— 206(otg DS+ 3B D3)ul/5. (13)

This method ((9) with (12)) has certain advantages. It does not contain a;, f;, y, for
j> 2. The derivatives a,, a», f,, B>, 71, and 7, need not be obtained by actual dif-
ferentiation but may be replaced by the difference approximations ha, x4, a;/2,
h%a, ~ 82a;/2, etc. of second order. The resulting method would still retain its
fourth-order accuracy. However, when the differential equation has a singularity at
one or both of the end points of the interval {0, 1], this formula does not produce
accurate results of fourth order compared to the method (9) with (10) in the
neighbourhood of the singularity.

Replacing f; in (9) by (du/dr); and using the approximation (du/0t), =
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[V,/k(1 =1V,)]u;, where k is the mesh size in the t-direction, we get the difference
method for the solution of (1) as

[(250 — 4Qo) + (s, —0.540,) 62, + (s, —0.510,) 6] u}’*'
= [(259 + 4Q¢) + (51 + 0.54Q) 95, + (5, +0.540,) §2] uy, (14)

where A =k/h%. We shall call (14) with (10) as “Method 1” and (14) with (12) as
“Method 2.” The truncation error of Method 1 is

T, =a2[ —12k’u,,, + 2 kh*(ag DSu+ 3B, D3u)], + --- (15)
and the truncation error of Method 2 is
T, = —1202k3u,,, + kh*a, T* + ---, (16)

where
T*=[{50 D%+ 10(By — 20t,) D3} u, — 200(tg DS+ 3f, D3)ul/s.

3. STABILITY OF THE DIFFERENCE SCHEMES

The above methods can be written in the form
(@, 02+b,0, +c))ul* ' =(a, 62+ b,0,, +cr)ul. (17)
Using the von Neumann method, we find that the amplification factor of (17)
satisfies

e +2a(x = )P +4b3(1 —x?) N

N [c, +2a,(x— 1)1 +4b2(1 —x*) N+(D—NY)

(18)

where x = cos(fh), N and D stand for the numerator and denominator, respectively.
Note that N>0 and D > 0. For stability, we now require

g(x)=D—N=c?—c2+4(1—x)
x [(ca, —cia))+ (1 —x)a?—a2)+ (1 + x)(b3—-b2)]=0. (19)

Note that if ¢; =c¢,, then g(x)=4(1 — x) h(x) and hence we require h(x) =0 since
|x| < 1. But A(x) is linear. Therefore, it is sufficient to have h(—1)>0 and A(1)=0.
This gives the conditions

(a; —ay)[2(a; +a)~c, 120 and cilay —a,)+2(bi—53)=0. (20)

If ¢, #¢, in (17) then we are required to satisfy (19). In this case, we require
g(—=1)=0, g(1)=0, and in some cases g, >0, where g, stands for the stationary
value of g(x).
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For Methods 1 and 2 we have

g(x)=84{[so —s:(1 = x)J[(1 =x) Q> = Qo] — Qs (1 —x)(1 + x)} >0. (21)

We find that the method (14) is unconditionally stable when the following
conditions are satisfied:

. e(x)=0;
(50 —25,)0, 20  and Q350 —20,s, 20. (22)
2 e(x) £0;

(@) If Q,5,—Qys; 20, then Q50 <0 and (s, —25,)(2Q, — Qo) 2 0. (23a)
(b)(i) M 0<2Q,s, + Q250+ Qo5, —4Q,5, <4Q,5, — Q,5,), then

[(2Q,51 — Q550 — Qosz)2 +4Q050(Q 151 — Q25,)1<0; (23b)
(ii) otherwise,
0,5, — 015, <0, Qo5 <0, (59—25)20,—00)=0. (23c)

(c) A simple sufficient condition is

5020, $o—25,20, Qo<0, 20,-0,20, Q;s5,<0. (23d)

We now apply Methods 1 and 2 to the following test equations and determine the
stability restrictions, using (21)-(23).

Test Equation 1. u,=au,, + cu; a, ¢ constants, a>0, ¢<0. Method 1 and 2:
unconditionally stable.

Test Equation 2. u, =au,, + bu,; a, b, constants, a = 0. As a — 0, the scalar test
equation becomes the model hyperbolic test equation with no decay in the solution.
For such equations, we require our formula to be conservative (|| = 1), since there
is no attenuation of the Fourier coefficients.

Method 1. Unconditionally stable for all b satisfying 5%h* < 24a°. The formula
is conservative for the model hyperbolic equation.

Method 2. Unconditionally stable for all . The formula is also conservative
for the model hyperbolic equation.

We have also applied Methods 1 and 2 to the test equation u, = au,, + bu, + cu;
a, b, ¢ constants, a>0, ¢c#0. The stability conditions are clumsy because of the
presence of the parameters b, ¢, a and are not reported here. If 5(x) =0 and ¢(x) =0
in (1), then Method 2 is unconditionally stable when o, >0 and either 4o, > a,h”
or a? > 40, is satisfied. The first condition is usually satisfied in most of the cases.

In general, given a(x), b(x), and ¢(x) we can test the conditions (22)-(23} to
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determine whether the method (14) is unconditionally stable. This procedure is
adopted in the following section.

4. CONVECTION-DIFFUSION EQUATION IN POLAR COORDINATES

Consider the general convection-diffusion equation

u, =u,, +{a/x)u, +cu, ¢ =constant <0, (24)

where 0<a<1, a=1 or 2. For a=1 and 2, (24) corresponds to the convection-
diffusion problem in the cylindrical and spherical coordinates, respectively. The
initial and boundary conditions are

u(x,0)=fi(x), uf0,)=0, u(R,1)=g(1). (25)

Substituting a(x) =1, b(x)=a/x, and c(x)=c in Method 1, we get
so=3[12—a(6+a)p*+a(d+a)p*], s, =ap[3—Q2+a)p’+(1+0a)p*],
S, =6—a2+a)p?+a(l+a)p®, Q,=QF+ch’s,, Q,=0F+ch’s,,
Qo =ch’sy, QF=3ap[12— (2> +Ta—2)p*+ (1 + )2+ a) p*],
¥=12[6 —4dap>+a(l +a)p*]l, p=h/x,.

For a=2, we find s, =6s,, 5, = ps,, O, =12+ ch?) ps,, O, = (124 ch?)s,, and

o = 6ch’s, so that the factor s, can be cancelled and the method has a simple
form. Using the above stability conditions, we find that the method (14) with (26)
is unconditionally stable for all ¢ <0 and for all a considered here. The truncation
error in the Method 1 now becomes

3 3
T.E.= —6u, .k’ + 7 kh' (Dgu +;°C D§u> Foee 27)

Consider now the case ¢ =0. As x - 0, we get from (24)
u,=(1+a)u,,. (28)
For a =1, we use the O(k? + A*) scheme (see [12]),
5+ 120w 1+ (1= 120)ult+ L= (5— 12)us + (1 + 122)u?, (29)

valid at j =0, where we have used the condition u (0, ) = 0. Similarly, a O(k* + 1*)
scheme valid at j=0, when a=2 is

(5+184)un* ! + (1 — 184)u+ 1 = (5 — 184)ul + (1 + 182)u’. (30)



520 MANOHAR, IYENGAR, AND KRISHNAIAH

Application of these schemes requires the solution of an N x N tridiagonal system at
each time level. Recently, in [13], a fourth-order difference method was derived for
the solution of the singular two-point boundary value problem

Uex +(@/x)u, = f(x, u). (31)

This method can also be generalized, to obtain an O(k?+ 4*) unconditionally stable
scheme, to solve Eq. (24) when ¢=0. We may write this method as

[(s3 —645,) 62 + (54 —64s,) 05 + 127 *!
= [(s5 +64s,) 03+ (54 +64s;) 6,5, + 127w, (32)
where
sy =1—s5p +5556p% 55 =pla+5sp*—5556p*)2, §3=1—155p%5,
sq=pla—ss(2—a) p¥51/2, ss=a(2—a)/12, s¢=(a?—24)/60.
The truncation error in the method (32) is

h* 6(2 —
TE. = —ku,, + %6 [Dﬁu + -35- D3u—2(3+a)2—a)Diu+ (—xzi) “m] +

(33)
Note that the truncation errors (27) and (33) are same for o = 2. However (for
method (32)), when a=2, we find tht s; —s, =0 and s, —s, =0 for j=1. This
means that the point j=0 does not enter the difference equations and the system

degenerates to a (N — 1) x (N — 1) system. The solution at j=0 can be obtained by
interpolation using the numerical solutions at j=1, 2, etc. As in [13] we may use

uy = (144u]+ 1 — 108u3 ™+ + 48uy+ ! — 9uy +1)/75. (34)

5. COMPUTATIONAL EXPERIMENTS

Computations reveal that the solutions obtained by the methods (14) with (26),
and (32) are almost identical in the following problems. Therefore, the results
obtained by using (14) with (26) are reported.

ExaMpLE 1. a=1, ¢=0 in (24) with
u(x, 0) = Jy(opx), 0 € x < 1; u,(0,1)=0; u(l,1)=0,

where a, is the first root of Jy(eg)=0. The exact solution is wu(x,?)=
Jo(®ox) exp(—at). This problem is solved using (14) with (26), and (32) for £=0.1
and 0.05. The integration is done up to t=3.0 for A =0.5, 1, 3, 5. Small vaiues of A
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are also used to test whether the methods are of fourth order as £ — 0, k -0 (for
fixed 1). Even though a number of fourth-order methods (for a fixed 4) can be
constructed using the above procedure, it is found that (14) with (26) produced the
best order as A — 0, £ — 0 in the neighbourhood of x =0. Computational results
reported in Table I, along with the results of [127], show the fourth-order
convergence (for a fixed 1) of our methods.

ExaMPLE 2. a=2, ¢c=0 in (24) with
u(x,0)=1-x%0<x<1, u (0,1)=0, u(l,)=0.

The exact solution is

n—1

12 & (-~
=—;Z sin(nnx) exp(—n’mt).
1

This problem is solved using (14) with (26), and (32) for #=0.1 and 0.05. Orders of
the methods are again tested using small values of 1. The results are given in
Table I. Computations show the fourth-order convergence (for fixed 1) of our
methods.

Absolute errors at r =0 for small ¢ and small 4, for both Examples 1 and 2, are
given in Table IT along with the results obtained by the Crank-Nicolson O(k? + h?)
scheme. These results also exhibit the O(4*) behaviour of Method 1 on r=0 even
for small A and 1.

TABLE I

Maximum Absolute Errors in the Solution

Example 1 Ref. [12] Example 2
A t h=01 h=0.05 h=0.1 h=0.1 h=0.05
0.5 0.75 0.259(—5) 0.160(—6) — 0.905(—6) 0.573(=7)
1.50 0.683(—7) 0.424(—8) 0.810(~7) 0.109(—8) 0.688( —10)
3.00 0.234(—10) 0.146(—11) 0.279( - 10) 0.807(—15) 0.508( —16)
1.0 0.75 0.143(—4) 0.898(—6) — 0.423(-5) 0.265(—6)
1.50 0.376(—6) 0.235(-17) 0.405(—6) 0.514(—8) 0.323(—9)
3.00 0.129(-9) 0.805(—11) 0.139(—-9) 0.380(—14) 0.240( —1)
3.0 0.75 0.140(—3) 0.879(—5) — 0.393(—4) 0.249(—5)
1.50 0.366(—35) 0.230(—6) 0.375(—5) 0.460(—7) 0.303(—8)
3.00 0.124(—8) 0.785(—10) 0.127(-8) 0.978(—12) 0.225(—14)
5.0 0.75 0.391(-3) 0.246(—4) — 0.106(—3) 0.693(—5)
1.50 0.103(—4) 0.642(—6) 0.103(—4) 0.340(—6) 0.842(—-8)
3.00 0.682(—8) 0.219(—9) 0.347(—8) 0.840( - 10) 0.620( —14)
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It is found that the maximum error generally occurs on r=0 or A for all 1, A and
the difference between the errors on r=0, /4 is marginal. From these numerical
results, it can be seen that the proposed higher order methods produce accurate
results and the error decreases at a faster rate than the lower order methods. The
computational effort is almost the same as required for the lower order methods.
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